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The method of symmmetry breaking potential and first order cluster expansion technique for  the 
partition functions adopted for the theory of ordering in liquid crystals has been extended to  
symmetricand asymmetric molecules. The order parameter iscalculated as a function of tempera- 
ture and packing coefficient as a function of chainlength for homologous series of liquid crystals 
having symmetric and asymmetric molecules. The theoretical calculationsaccount fairly well for  
the gradient differences in the order parameters of symmetric and asymmetric molecules and 
packing coefficients. 

INTRODUCTION 

Two types of mechanisms have been described for orientational order of 
molecules in liquid crystals viz., ordering due to the anisotropic part of disper- 
sion forces between rod-like molecules as described for the first time by Maier 
and Saupel and rigid body repulsive interactions first described by Onsager.* 

Maier and Saupe have found in a molecular field approximation, a first 
order phase transition between ordered (nematic) and isotropic phases at cer- 
tain temperature T,. This has been further confirmed by Lebwohl and Lasher3 
and by K i m ~ r a . ~  Onsager has used a second order virial expansion method 
and has shown a first order transition from an isotropic to a denser aniso- 
tropic (nematic) phase. The qualitative conclusions of Onsager have been ar- 
rived at by different approaches by various workers.’-lo It is believed that 
these mechanisms play an important role in real liquid crystals.”-13 

Presented at the Eighth International Liquid Crystal Conference, Kyoto, July 1980. 
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216 [I8161 N. C. SHIVAPRAKASH etal .  

It is observed from several experimental studies on the orientational order 
parameter of mesogenic materials that there is a difference in the rate of varia- 
tion of S factor with temperature for symmetric and asymmetric molecules. 
This factor has not been explained by the earlier theories on ordering of liquid 
crystals. 

In view of this, we discuss the mesogenic ordered state of the system of rod- 
like molecules considering both the anisotropic dispersion and rigid body re- 
pulsion along with an additional force which destroys order when there is 
asymmetry for the rigid rod-like molecules under consideration. The method 
of symmetry breaking potential has been employed for the c a l ~ u l a t i o n . ~ ~ ' ~ ~  

CALCULATION OF ORDER PARAMETER 

Consider a system of N molecules of rigid spherocylinders having cylindrical 
length I radius r. For such molecules length L = I -t 2r and diameter D = 2r. 
The interaction potential pi, between molecules i a n d j  is assumed as 

-00 if molecules i and j intersect 

-a(r,)PZ(cos O,,) + b(r')Pz(cos 0,) otherwise 
QIJ = 

where a(r,,) a ri6 is the coefficient indicating the strength of the anisotropic 
part of dispersion force and rij is the distance between the centers of molecules. 
b(r') takes account ofstrength ofthe torque whichdepends on thedistance(r') 
between the center of gravity of the rigid rod-like molecule and the geometric 
center of the molecule. The length and asymmetry of the alkyl chains deter- 
mine the dispersive forces and the off set between the geometrical molecular 
center and the molecular center of gravity which significantly affect the trans- 
lational displacement ability of the molecules.'6 Also it is known from X-ray 
diffraction analysis of mesogenic homologous that the anisotropic 
thermal vibration of the molecules increase with the increase in the length of 
the alkyl chains. This splay motion of the alkyl chain will contribute to  the 
reduction of anisotropic part of the dispersion forces if the molecule is asym- 
metric and has no effect ifthe molecule is symmetric. As written, the term b(r')  
represents an interaction of molecule i with the mean molecular field and de- 
termines the amount by which the aligning force is reduced by the asymmetry 
of molecules. However, for convenience it is still taken in the interaction be- 
tween two molecules as an additional parameter along with the factor a(rij) 
and it would inhibit alignment of molecules and hence contributes to the re- 
pulsive part of the potential that tends to reduce the alignment. Pz(cos O i j )  is 
the second order legendre polynomial and Oij is the angle between the axes of 
the molecules. If we neglect the size of the molecule, the potential is reduced to 
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SYMMETRIC AND ASYMMETRIC MOLECULES [I8171 217 

that of Maier and Saupe, on the other hand, lettinga(rij) = b(r’)  = 0 we ob- 
tain a rigid rod model similar to that employed by Onsager. 

Let q be the strength of the potential and 8, be the angle between the long 
axis of molecule i and a certain fixed direction, namely the nematic axis, then 
the following “symmetry-breaking potential” can be introduced 

kTq P ~ ( C O S  8;). 
I 

The order parameter S characterizing the nematic phase is defined as 

1 

N i  
s = -  CP ~ ( C O S  ei). 

Our task now is to calculate the partition function 

where the integral is made over both the configurations and orientations of 
molecules. The orientation of a molecule i, is indicated by a,; this is a set ofthe 
Eulerian angles ( e l ,  cp,, referring to the coordinate system of which the 
polar axis is taken to be parallel to the nematic axis a n d d n ,  = sin B,dB,dcp,d#,. 
The interaction potential cplJ can be expressed in terms of Mayerffactors as 

f J  = exp(-cp,/kT) - 1. ( 5 )  

By expanding the exponential to the first order, one gets the values forffactors 
as 

- 1 if molecules i and j intersect 

[ ~ ( r , , )  P ~ ( C O S  O,)/kT] - (b(r ’ )  PZ(COS e,)/kT) 
f J  = 

Expanding (4) to the first order in the f factors, we obtain 

The following result of the irreducible integral is used in obtaining (7) 

(8) 
az bz 

f,dr, = -v(e,) + - PZ(COS el,) - - Pz(c0s ei), / nkT nkT 
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218 [I8181 N. C. SHIVAPRAKASH e ta l .  

where v (  0,)  is an excluded volume of a pair of molecules iandjdue  to the rigid 
body repulsion, which is given by 

(9)  v ( e i j )  = A v (  lsin Oil (  4- 2 n r / l +  8nr2/3I2}, 

where 

v = 4r2 = 2DL2(1 - OIL)’. (10) 

The second term in (8) is the result of integral over the space out of the v (0 i j ) .  
We have assumed that the dispersion forces are effective between only the 
nearest neighbor molecules. The constant “u” indicates the strength of the 
nearest neighbor interaction, b indicates thestrength ofthe force that contrib- 
utes to the destruction of order, z is the coordination number of molecules, 
n = N/Vis the concentration of molecules. Vis  the volume of system. In the 
Eq. (7) ZO corresponds to 

The evaluation of the integrations is carried out using the approximation 

Av 
4 

v(&j)  2: (n -)(l - 8 r / l +  32 r2/3I2) - ( ~ T / ~ ~ ) A v P ~ ( c o s  & j ) .  (12) 

This can be obtained by expanding the v ( e i j )  of Eq. (9) in the even order Le- 
gendre polynomials and retaining only terms to the second order. This is fairly 
a good approximation as the difference between (9) and (12) is significantly 
small. 

The canonical average of S can be obtained as 

and the free energy of the system as a function of the order parameter is ex- 
pressed as 

S 

F(S) = F ( 0 )  + NkT q (S)dS  

where q as a function of S is obtained by solving Eq. (1 3). The minimum con- 
dition for this free energy is expressed as’* 

q ( S )  = 0. (15) 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 0

2:
59

 2
3 

Fe
br

ua
ry

 2
01

3 



SYMMETRIC AND ASYMMETRIC MOLECULES [I8191 219 

By putting Eq. (7) into (13), we get 

r =  ( U  - b ) z  + (%)Avn. 
kT 

Solving (16) to the first order in r we obtain the expression for Eq. (15) as 

q=qo-r(:) v=nn =o,  

where '70 is a function of S defined by the relation 

S = (2) 
l = ? o  

Equations (19) and (20) give the order parameter S as a function of r. By elim- 
inating qo from these equations and writing explicitly the integrals in Eq. (20) 
we get 

This equation has the identical form to the self consistent condition for the 
order parameter S derived by Maier and Saupe, although in their case the ex- 
pression for r is not the same as the present. For this equation, the solutions S 
which minimize the free energy have been obtained. We can conclude that (a) 
for r > I',(4.38), the equilibrium state has the non vanishing values ofS,  that 
is an orientationally stable order whereas (b) for I' < r, the order parameter S 
is identically vanished represents an isotropic state and (c) at r = rE,  value of 
S changes discontinuously from 0 to 0.225 and the first order phase transition 
occurs between the nematic and isotropic states. 

The calculated values of S are indicated in Figure 1 as a function of r. rc has 
the value 4.54 for PAA and this reduces to 4.38 when we introduce the 
asymmetry. 
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FIGURE I 
ical value. 

OrderpararneterSasafunctionofr = (4 - b ) z / k T +  ( 5 d 3 2 ) A v n .  I‘oisthecrit- 

VARIATION OF ORDER PARAMETER WITH TEMPERATURE 

The value of order parameter S depends on temperature only through r. We 
can obtain the variation of order parameter versus temperature using 

r =  ( a  - b)z  4- ($)Avn. 
kT 

We shall assume ( a  - b)z  = Bn2, where B is a constant independent of 
temperature and concentration. Eq. (22) becomes 

Bn2 r = - kT 4- ( 5 ) A v n .  

For example, let us take PAA, for which asymmetry has been introduced. Let 
the molecular length be 20AandD = 5hi, using thevalues T, = 408 K at  pres- 
sure 1 bar, density = 1.149 gm/cm’ at  408 K at  pressure 1 bar, and molecular 
weight 258, we get from (22) 

440.4 

T 
r=-  p2 4- 2 . 5 6 9 8 ~ .  
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SYMMETRIC A N D  ASYMMETRIC MOLECULES [1821] 221 

Assuming a linear relation between the density and temperature in the ne- 
matic phase, we can calculate r as a function of temperature at  constant pres- 
sure 1 bar, and  can find the values of S corresponding to each value of r from 
Figure 1. The calculated values of S for asymmetric and  symmetric molecules 
( b  = 0) are shown in Figure 2. 

RESULTS AND DISCUSSION 

The theoretical calculations show that the S factor drops off more rapidly in 
the case of asymmetric molecules than in symmetric molecules. Also when the 
asymmetry of the molecule increases as in the homologous series where alkyl 
chain is extended on only one side of the phenyl groups, the b value contribu- 
tion increases, thereby making the S factor versus temperature curve steeper. 

0.8 

0.7 

0. E 

0.5 
m 

0.4 

0.3 

0.2 

410 
0. I 
370 380 390 400 

T ( O K )  
FIGURE 2 
b = 0. and for lower curve b # 0. 

Order parameter versus temperature for p-azoxyanisole (PAA). For upper curve 
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0.71 10.6 

1 
FIGURE 3 Order parameter versus reduced temperature for PAA and 4,4'-di-n-heptyloxyazoxy 
benzene. 

It is found from the theory that the S factors at the transition temperature for 
asymmetric molecule should be lower than that of the symmetric molecules, 
when both of them have the same molecular size. Figure 3 and 4 give the plot 
of S factors, versus temperature for symmetric'' (4,4'-di-n-alkyloxyazoxy 
benzene) and asymmetric2' (p-(p-ethoxyphenylazo) phenyl alkanoates) mole- 
cules respectively. The experimental curves are in good qualitative agreement 
with the theoretical results. 

The molecular packing coefficient is defined as the ratio of the geometric 
(van der Waals) volume of the molecule to  the volume of the phase per mole- 
cule. The molecular packing coefficient has been shown to be a useful parame- 
ter when discussing the relationship between the structures and the thermal 
stabilities of molecular crystals. The packing coefficient has been shown to 
indicate the onset of new phase in mesogenic materials quite successfully. The 
packing coefficient increases as alkyl chain increases for symmetric homolo- 
gous seriesz2 and decreases as alkyl chain increases for asymmetric homolo- 
gous as shown in Figures 5 and 6. Also it shows an odd even effect. 
The S factors obtained for s y m m e t r i ~ ~ ~ ~ ~ ~ - ~ '  and homologous 
series at a given temperature are plotted in Figures 7 and 8. Clearly they show 
exactly similar trend as observed for packing coefficients and also exhibit a 
strong odd-even effect. This suggests that the packing coefficient should have 
a meaningful relationship with the Sfactors. The increasing nature of the mo- 
lecular packing coefficient for the symmetric homologous series suggests 
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FIGURE 4 
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Order parameter versus temperature forp-(p-ethoxypheny1azo)phenyl hexanoate 

0.661 1 I I 1 I 1 J 
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CHAIN LENGTH 
FIGURE 5 
mologous series 4,4'-di-n-alkyloxyazoxy benzene. 

Packing coefficient versus number o f  carbon atoms in the alkyl chain for the ho- 
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FIGURE 6 Packing coefficient versus number of carbon atoms in the alkyl chain for homolo- 
gous seriesp-(p-ethoxypheny1azo)phenyl alkanoates (upper curve) and for the homologous series 
cholesteryl alkanoates (lower curve). 
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FIGURE 7 Order parameter versus number of carbon atoms in the alkyl chain for 4,4’-di-n- 
alkyloxyazoxy benzene (upper curve at T, - T = IO’C) and for 4.4‘-di-n-alkylazoxy benzene 
(lower curve, at T~ (reduced temperature) = 0.95 T< = (T/TNI)/(V/VNI)*. 
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5 6 7 8 9 10 II 
0.45 

CHAIN LENGTH 
FIGURE 8 
phenylazo) phenyl alkanoates. 

Order parameter versus number of carbon atoms in the alkyl chain forp-(p-ethoxy- 

stronger attractive forces i.e., increase in “a”, which means thesfactor  should 
also increase. On the other hand, decrease in the packing coefficient in the 
asymmetric homologous series as carbon number increases suggests a de- 
crease in the attractive forces, i.e., increase in b, which means a decrease in the 
S factor. This supports our assumption of an additional term b t o  account for 
the experimental results. In the case of a symmetric homologous series alkyl 
chain is extended on only one side of the central moiety, the molecule as a 
whole is asymmetric with respect to the central moiety whereas in the case of 
symmetric homologous series the side chain is extended symmetrically on 
both sides of the phenyl groups. A symmetric molecule will have greater ten- 
dency to  be held in a particular orientation in spite of the fact that the molecu- 
lar length is increased as compared to  the addition of greater asymmetry into 
the system. Thus packing coefficient of symmetric molecules tend to  increase 
in the beginning unlike in the case of asymmetric molecules. The tendency for 
a molecule to get flipped off from the mean orientation will be higher for 
asymmetric molecules than for symmetric molecules. Thus an S factor of 
asymmetric homologous series drops off more rapidly than that of symmetric 
molecules. This can be explained as the greater tendency of the symmetric 
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226 [I8261 N. C. SHIVAPRAKASH etal.  

molecules to retain their orientational order as compared to asymmetric 
molecules when the temperature is raised. 

CONCLUSION 

The above study shows that the molecular packing studies of mesogenic mate- 
rials in their solid state pre-determine the physical properties and molecular 
ordering in the mesogenic state. The orientational order parameter and the 
packing coefficient depend entirely upon the symmetry and asymmetry of the 
end chains and are not influenced by the detailed structure ofthe central rigid 
core. This is in conformity with the study of Boden et u I . * ~  

(JSP) and (NCS) thank UGC (India) for a Career Award and Senior Re- 
search Fellowship respectively. 
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